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Abstract 

This paper is an invitation to Fourier analysis in the context of reduced twisted C*- 
crossed products associated with discrete unital twisted C*-dynamical systems. We 
discuss norm-convergence of Fourier series, multipliers and summation processes. Our 
study relies in an essential way on the (covariant and equivariant) representation the- 
ory of C*-dynamical systems on Hilbert C*-modules. It also yields some information 
on the ideal structure of reduced twisted C*-crossed products. 
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1 Introduction 



Since its birth about two centuries ago, the theory of Fourier series has been applied to a 
seemingly endless number of different situations and, accordingly, it has been the subject 
of intensive studies, especially in relation to various kinds of convergence and summation 
techniques. Among many others, the problem of determining conditions under which the 
Fourier series of a continuous periodic function on the real line is uniformly convergent 
has received a good deal of attention in the literature, and various kinds of summation 
processes have also been constructed. 

In the theory of operator algebras, started in the seminal work of D. Murray and J. 
von Neumann, it is well known that one may associate to any group several interesting 
examples of C*-algebras and von Neumann algebras. In the context of twisted group C*- 
algebras (and von Neumann algebras) associated with discrete groups, the Fourier series of 
any element makes perfect sense. In the C*-algebraic case, the study of norm-convergence 
and summation processes is more involved than in the classical set-up, but a surprisingly 
detailed analysis is possible, as exposed for instance in our previous article [3]. Now, given 
a twisted action (a, a) of a discrete group G on a unital C*-algebra A (the case we discuss 
in this paper), one may also consider the Fourier series of any element in the so-called 
(reduced) crossed product C*-algebra C*(S), where £ denotes the quadruple (A, G, a, a). 
However, the Fourier coefficients lie now in A (rather than in C), and consequently, the 
analysis becomes much more challenging. Our main aim with the present work is to 
investigate how one can handle this situation, having in mind the wild variety of different 
cases that may appear. Due to the success of the theory of classical Fourier series, we 
expect that once put on solid grounds the corresponding theory will become a useful tool 
in the study of C*-dynamical systems. 

We stress that the idea of doing Fourier analysis in reduced C*-crossed products is not 
new. It is already present in G. Zeller-Meier's impressive article [15] from 1968, where 
he, among many other results, shows the existence of summation processes in the case 
of amenable groups, and uses this to obtain some valuable information about the ideal 
structure. In the book by K. Davidson [13] one can find a proof of the direct analogue of 
the Fejer summation process in the special case of crossed products by an action of Z (see 
also [45]). One may also consider C*(£) as the reduced cross sectional algebra of a Fell 
bundle over the discrete group G (see [22]) and notice that R. Exel [19] has shown how to 
associate Fourier series to elements in such algebras. In the same paper, Exel constructs 
summation processes in the case of Fell bundles with the so-called approximation property 
and illustrates their usefulness when studying induced ideals in the sectional algebra (see 
also |20j). One could therefore think that one may as well work in the more general 
setting of Fell bundles. However, as alluded to in [5], our attitude has been that it should 
be possible to develop a more powerful analysis by exploiting the structure of discrete 
twisted C*-crossed products and their representation theory on Hilbert C*-modules. We 
will do our best to justify this point of view and add some further evidence to the fact 
that the equivariant representations of £ on Hilbert A-modules introduced in [5] play a 
role complementary to the one played by covariant representations. Note that when A is 
trivial, this splitting is not visible: covariant and equivariant representations coincide in 
this case and amount to unitary representations of G. 

The starting point for our approach is as follows. As is well known (see e.g. \48\ [5]). 
B = C*(E) may be characterized (up to isomorphism) as a C*-algebra B that is generated 
by a copy of A and a family of unitaries {u g } ge c satisfying the relations u g a = a g (a) u g 
and u g Uh = cr(g, h) u g h, and is equipped with a faithful conditional expectation E from B 
onto A satisfying E{u g ) = when g ^ e (the identity of G). The expectation E may be 
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thought as some kind of A- valued Haar integral: if G is abelian and a, a are both trivial, 
then C*(E) is isomorphic to B = C(G,A), the continuous functions on the dual group G 
with values in A, and E is indeed given by the A- valued integral E(f) = Jq /(7)^7 with 
respect to the normalized Haar measure on G. The Fourier coefficients of x € C*(E) are 
therefore usually defined by setting x(g) = E(xu*), so the Fourier transform x becomes a 
function from G to A. A useful fact that is not immediately apparent from this definition 
is that x lies in the space 

A s = |^ : G — > A | ^2 a g 1 (£(<?)* £(<?)) is norm-convergent in a| . 

Note that this statement contains a nontrivial information about the decay at infinity of 
general Fourier coefficients (Riemann-Lebesgue Lemma). In the case of ordinary reduced 
crossed products this was recently observed in [42\ Lemma 5.2]. However, as was already 
remarked by C. Anantharaman-Delaroche in [I], the space A^ has a natural Hilbert A- 
module structure on which C*(E) may be faithfully represented by adjointable operators. 
The Fourier transform of x G C*(E) is then simply defined by x = x£o € A^, where 
Co (g) = $g,e L while E is given on C*(E) by E(x) = x(e). The (formal) Fourier series of 
x is now defined as 

^2x(g)\s(g) 

where the Xs(g) , s denote the canonical unitaries of C*(E) when it acts on A^. 

Following [1], the general problem about norm-convergence of Fourier series in C*(E) 
may be considered as the search for "decay subspaces" of A^ that are as large as possi- 
ble. For example, l l {G,A) is a decay subspace, corresponding to elements of C*(E) with 
absolutely convergent Fourier series. Moreover, inspired by P. Jolissaint's notion of rapid 
decay (RD) for groups [32], any weight function n : G — > [1, oo) such that G is K-decaying 
in the sense of [I] leads to a decay subspace l 2 K {G, A) of A 2 . However, it appears that a 
larger subspace A^ is needed if one wishes to follow the strategy pioneered by U. Haagerup 
[26j and establish the existence of certain summation processes, as we did in [3] for many 
nonamenable groups. A problem that appears naturally in our framework is thus to find 
conditions ensuring that S has the A^-decay property (expressing that A^ is a "decay 
subspace"), again a kind of generalized version with coefficients of the RD-property. When 
A is commutative and a is trivial, it suffices to assume that G is K-decaying (we prove this 
in the final section), but it should be possible to relax these assumptions. R. Ji and L. 
Schweitzer [31] have a result in this direction for nontrivial actions (and groups of poly- 
nomial growth), but it is not obvious to us that their proof can be adapted to give a more 
general result. 

We next focus on (reduced) multipliers of E. Our ultimate goal in this paper is to use 
such maps as smoothing kernels for summation processes for Fourier series, as we did in [4] 
when A = C. Multipliers of C*-dynamical systems are defined in analogy with multipliers 
on groups, but the terminology "multiplier" might in fact be somewhat misleading. A 
multiplier T of E consists of a family T = {T g } ge G of linear maps from A into itself such 
that there exists a bounded linear map Mt from C*(E) into itself satisfying 

MAx~){g) = T g (x{g)) 

for all x € C*(E) and g € G. Such a multiplier is called a cb-multiplier when the map 
Mt is completely bounded. Now, given a function ip : G — > A, one may wonder when it 
induces a "left" multiplier and consider the family T v = {Tg} g ^G of maps from A to itself 
given by Tg(a) = (p(g) a. We give a set of sufficient conditions ensuring that T v is a cb- 
multiplier of E, and use this to show that every cb-multiplier of G induces a cb-multiplier 
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of E, We also show that a controlled growth of cp w.r.t. a weight k, in combination with 
the ^4^-decay property, suffices for T v to be a multiplier of E. In another direction, we 
give a conceptually satisfactory way of producing cb-multipliers of E, analogous to how 
matrix coefficients of unitary representations of G induce cb-multipliers on G: the maps 
T g : A — > A are now of the form 

T g {a) = (x, p(a)v(g)y) 

for some equivariant representation (p, v) of E on some Hilbert A-module X and x, y € X. 
The collection of these cb-multipliers on E may therefore be thought of as the analogue 
of the Fourier-Stieltjes algebra of G. Our proof relies on a new version of Fell's absorp- 
tion property, that loosely says that any equivariant representation of E is absorbed when 
tensoring with some regular covariant representation. (We use here the notion of ten- 
sor product introduced in [5]). This version complements the one proven in [5] about 
absorption of covariant representations when tensoring with induced regular equivariant 
representation. 

Having studied of multipliers, we turn our attention to summation processes. A Fourier 
summing net for E is a net {T 1 } of multipliers of E such that, for each x € C*(E), the 
Fourier series of M T i (x) 

^T g (x(g))\x(g) 

geG 

is norm-convergent (necessarily to M T i(x)) for each i, and M T i(x) converges in norm to x. 
The existence of such Fourier summing nets is then discussed in a number of situations. In 
particular, we obtain a generalization of the classical Fejer summation theorem whenever E 
has the weak approximation property of [5], and prove some analogs of the Abel-Poisson 
summation theorem. Almost all the Fourier summing nets we are effectively able to 
construct have the property that they preserve the invariant ideals of A. The existence of 
such a net affects the ideal structure of C*(E): E is then necessarily exact (in the sense of 
|43j), and the ideals of C*(E) that are ^-invariant are precisely those that are induced from 
invariant ideals of A. Hence, in such a situation, the problem of determining the ideals of 
C*(E) reduces to two different tasks: finding the invariant ideals of A and investigating 
the possible existence of ideals of C*(E) that are not S-invariant. Especially, one can then 
deduce that all ideals of C*(E) are induced from invariant ideals of A if one can show that 
any ideal of C*(E) is automatically ^-invariant, thereby providing an alternative approach 
to the one obtained in |43| . We illustrate this with a simple example in the final section. 

After having described what we have done in this paper, we would like to add that 
we see it as a first attempt to put some facts and ideas into a wider perspective. Many 
issues remain to be addressed, and it might be easier to deal with some of them in specific 
situations (depending on various choices of the group, the algebra, the action and the 
cocycle) before attacking the general case. We hope that our work will stimulate further 
research on this topic and the reader will find many open questions and problems scattered 
throughout the text. 

The paper is organized as follows. In Section [2] we collect some notions and facts from 
[5]. As the present article is also heavily influenced by the line of thought presented in 
[4], the reader is kindly advised to have a look at both these articles. Section [3] is devoted 
to establishing a first set of results about convergence of Fourier series. The concept of 
(reduced) multipliers is introduced and discussed in Section [U Summation processes for 
Fourier series is the subject of Section [5j In the last section (Section [6j) we deal with the 
"almost trivial" but still interesting case where A is commutative and a is trivial, and 
show that in this situation the cocycle does not create any trouble for the analysis. 
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2 Preliminaries 



Throughout the paper, we will use the following conventions. To avoid some technicalities, 
we will only work in the category of unital C*-algebras, and a homomorphism between 
two objects in this category will always mean a unit preserving *-homomorphism. Isomor- 
phisms and automorphisms are consequently also assumed to be *-preserving. The group 
of unitary elements in a C*-algebra A will be denoted by U(A), the center of A by Z(A), 
while the group of automorphisms of A will be denoted by Aut(j4). The identity map 
on A will be denoted by id (or id^). By an ideal of A, we will always mean a two-sided 
closed ideal, unless otherwise specified. If B is another C*-algebra, A®B will denote their 
minimal tensor product. 

By a Hilbert C*-module, we will always mean a right Hilbert C*-module and follow the 
notation introduced in [35]. Especially, all inner products will be assumed to be linear in 
the second variable, C(X, Y) will denote the space of all adjointable operators between two 
Hilbert C*-modules X and Y over a C*-algebra B, and C(X) = C(X, X). A representation 
of C*-algebra A on & Hilbert -B-module Y is then a homomorphism from A into the C*- 
algebra C(Y). If Z is another Hilbert C*-module (over C), we will let 7r® t : A — > C(Y®Z) 
denote the amplified representation of A on Y <S> Z given by (n <8> = 7T ( a ) ® Iz, where 
the Hilbert B ® C-module Y ®Z is the external tensor product of Y and Z and Iz denotes 
the identity operator on Z. Note that if Z is a Hilbert space, i.e. a Hilbert C-module, 
then we may and will regard Y ® Z as a Hilbert .B-module. 

We will work with series in a C*-algebra A of the form ^«e/ a i where I is a possibly 
uncountable set and a% G A for each i E I. Norm-convergence of such a series will al- 
ways mean unconditional convergence (sometimes called summability) . Since A is Banach 
space, this happens if and only the usual Cauchy criterion is satisfied [14]. An immediate 
consequence is the following fact, used without notice on several occasions in the sequel: 
if {aj}j g /, {6j}j g / are families of elements in A + (the cone of positive elements in A) such 
that ai < b{ for each i G I and ^ * s norm-convergent to b (lying necessarily in A + ), 
then ^2i £ jCLi is norm-convergent to some a in A + satisfying a<b (hence also ||o|| < 

The quadruple £ = (A, G, a, a) will always denote a twisted (unital, discrete) C*- 
dynamical system. This means that A is a C*-algebra with unit 1, G is a discrete group 
with identity e and (a, a) is a twisted action of G on A (sometimes called a cocycle tr- 
action on A), that is, a is a map from G into Aut(^4) and a is a map from G x G into 
U(A), satisfying 



for all g,h,k G G. Of course, Ad(t> ) denotes here the (inner) automorphism of A imple- 
mented by some unitary v in U(A). 

If a is trivial, that is, <r(<7, h) = 1 for all g,h G G, then £ is an ordinary C*-dynamical 
system (see e.g. [SIEICE]), an d one just writes S = (A, G, a). If a is central, that is, takes 
values in Ll(Z(A)), then a is an ordinary action of G on A, and this is the case studied in 
|48j . If A = C, then a g = id for all g G G and a is a 2-cocycle on G with values in the 
unit circle T, (see e.g. [1] and references therein). 

To each twisted C*-dynamical system £ = (A, G, a, a) one may associate its full twisted 
crossed product C*-algebra C*(£) and its reduced version C*(S) (see [38, 39J). In this paper 



o-{g,h)a(gh,k) 

o-(g,e) 



Ad(a(g,h))a gh 
a g (a(h, k))a(g, hk) 
o-(e,g) = 1 , 
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we will be mostly interested in the reduced algebra. For the ease of the reader, we will 
recall some definitions and facts from [5] needed in the sequel. 

A covariant homomorphism of S is a pair (it, u), where it is a homomorphism of A into 
a C*-algebra C and u is a map of G into U(C), which satisfy 

u{g) u{h) = Tr(a(g, h)) u(gh) 

and the covariance relation 

Tr(a g (a)) = u(g) vr(a) u(gf (1) 

for all g, h G G, a G A. Every such a pair induces a unique canonical homomorphim it x u 
from C*(S) onto the C*-subalgebra of C generated by tt(A) and u(G). If C = C(X) for 
some Hilbert C*-module X, then (-zr, u) is called a covariant representation of S on X. 

Let Y be a Hilbert S-module and assume n is a representation of A on Y. We can 
then form the Hilbert 5-module Y G (~ Y (g) £ 2 (G)) given by 

y G = j£ : G ->■ Y" | ^ (£(<?), is norm-convergent in i?| (2) 

g&G 

endowed with the i?-valued scalar product 

<^> = Ev^)>^)> 

and the natural module right action of B given by 

(d-b)(g)=ag)b, geG. 
The regular covariant representation (fr, A^) of S on Y G associated to tt is then defined 

by 

(n(a)0(h)=7r(a f ; 1 (a))ah) , a G A, £ G F G , h G G, (3) 

(A*G7)£)(>0 = tffo V(0,<T 1 /O))£Gr 1 >O , 3,^G,^y G . (4) 

Considering A as a Hilbert A-module in the standard way and letting £ : A — > C{A) 
be given by £(a){a') = aa', a, a' G A, we get the regular covariant representation (£,Xe) 
associated to £, that acts on the Hilbert ^4-module 

A G = |^ : G — > A | Cid)* Cid) is norm-convergent in a| (5) 

g&G 

in the following way: 

(£(a)0(h) =a h l {a)i{h) , a G A, £ G A G , h G G, (6) 

CH9)0(h) = a^iaig^-'h))^- 1 ^ , g, h G G, £ G A G . (7) 

The reduced twisted crossed product C*(£) is defined as the C*-subalgebra of C(A G ) 
generated by £(A) and Xt{G). 

Setting A = £ x \ e , we have C*(S) = A(C*(S)). Moreover, C r *(S) ~ (tt x A 7r )(C*(S)) 
whenever 7r : ^4 — )• is a faithful representation of A on any Hilbert C*-module Y (e.g. 
a Hilbert space). 
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It turns out to be useful to also consider the Hilbert A-module 

A s = {£ : G -> A | ^2 "g* (£(#)* £(9)) is norm-convergent in , 

g£G 

where the right action of A on A^ and the A- valued scalar product are defined by 

(f x a)(g) = Z(g) Ug(a), 

the associated norm on being given by ||£|| a = || J2 g eG a g 1 ) \\ 

As A G and A^ are unitarily equivalent via the unitary operator J : A G — > A^ given 

by 

(Jri)(g) = a g (ri{g)) , 7] G A G , g G G , 
we get a covariant representation As) of E on J 4 S given by 

£ s (a) = J£(a) J* , A s (<7) = JA^) J* , 

that is, 

(* s (a)£)(/0 = a£(/i), 

(As(s)£) (/i) = a^GT^)) <r(s, 5"^) , 

where a G A, £ G ,4 s , g, h e G. 

As As = x As is unitarily equivalent to A, we may identify C*(E) with As(C*(E)). 
Further, we may also identify ^4 with -fe(^4), so A acts on A s via 

Letting C C (E) denote the set of functions from G into A with finite support, and identifying 
it with its canonical copy inside C*(E), we get 

As(/)= Yl f(9)^(9), /€C C (S). 
g e supp(/) 

Especially, letting a0<5 9 denote the function in C C (E) which is everywhere except at the 
point g G G where it takes the value a G A, we have 

A s (a©(5 ff ) =aA s (ff). 
The Fourier transform is the (injective, linear) map x — > x from C*(E) into A s given 

by 

x = x£ 

where £ = 1 <5 e G ,4 s . 

When / G C C (E) and x G C*(E), we have 

a s (/) = /, Plloo < PIU < \\ x \\ > ( 8 ) 

where pHoo = sup 96G ||x(p)||. 
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The canonical conditional expectation E from C*(£) onto A is given by E(x) = x(e). 
It satisfies that E(As(f)) = /(e) , / G C C (S). Moreover, we have 

£(x*x) = ||x|| I , E(x \x(g)*) = x(g) , E(X s (g) x A s ( 3 )*) = a 9 (£(x)) 

for all x £ C r *(£), g £ G. 

Another concept, slightly adapted from |16| . that will be of importance to us is the 
following: An equivariant representation of £ on a Hilbert ^4-module X is a pair (p, u) 
where p : A — > C(X) is a representation of A on X and v is a map from G into the group 
X(A) consisting of all C-linear, invertible, bounded maps from X into itself, which satisfy: 

(i) p{ct g {a)) = v(g) p(a) v(g)- 1 , g £ G , a £ A 

(ii) v(g)v{h) = ad p (a(g,h))v(gh) , g,h£G 

(hi) a 9 ((x, x')) = (w(p)x, w(p)x') , g £ G , x, x' £ X 
(iv) v(g)(x ■ a) = (v(g)x) ■ a g (a) , j £ G, I 6 I, a 6 A 
In (ii) above, ad p (o"(g, /i)) G I(X) is defined by 

ad p (cr(5, h)) x = (p(a(g, h)) x) ■ a(g, h)* , g,h £ G, x £ X. 
The central part of X is defined by 

Zx = {z £ X | p(a)z = z ■ a for all a G ^4} . 

An important feature is that whenever (ir, u) is a covariant representation of £ on some 
Hilbert S-module Y, we can form the product covariant representation (p(8>7r , u(8>«) of S 
on the Hilbert -B-module X 0^ Y, see Section 4]. 

The trivial equivariant representation of £ is the pair (£, a) acting on the A-module 
A (with its canonical structure). The regular equivariant representation of £ is the pair 
(£, a) on A G defined by 

(£(a)Q(h)=aZ(h) Hg)m)=uM9~ 1 h)) 

where a £ A, £ G A , g,h £ G. More generally, if (p,v) is an equivariant representation 
of £ on a Hilbert A- module X, it induces an equivariant representation (p, v) of £ on X G 
given by 

(p(a)0(h) = p(a)£(h), (v(g)O(h) = v^^h) , 
for all a £ A, £ G X G , g,h £ G. 

We recall from [5] that £ is said to have the weak approximation property if there exist 
an equivariant representation (p,v) of £ on some A-module X and nets {r]i} in X G , 
(that both may be chosen with finite support) satisfying 

a) there exists some M > such that ■ < M for all i; 

b) for all g £ G and a £ A we have hrm. , p{a)v{g)r)ij — a\\ = 0, i.e., 

lim5Z(CtW, P(a)v(g)r] i (g' 1 h)^ = a. 

heG 

As shown in |5l Theorem 5.11], the weak approximation property is enough to ensure 
regularity of £, that is, A : C*(£) —> C*(£) is then an isomorphism. 

If (p, v) can be chosen to be equal to {£, a) in the above definition, one recovers the 
approximation property introduced by Exel [12] (see also [23J). 

If or {iji} (resp. {£j} and {r/i}) can be chosen to lie in the central part of X G , 
we will say that £ has the half- central (resp. central) weak approximation property. See 
Remarks 5.9 and 5.10 in |5| for a discussion of other related notions. 
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3 Convergence of Fourier series 

Given x £ G*(E) C £(A S ), its (formal) Fourier series is defined by 

It is well known that this series will not necessarily be convergent w.r.t. the operator norm 
|| • || on C(A^) (even in the classical case where A, a and a are all trivial and G is abelian). 

However, if we consider the norm on G*(E) given by \\x\\ a = \\x\\ a , then the Fourier 
series of x £ G*(E) converges to x w.r.t. || • || Q . 

Indeed, for F C G, F finite, set xf = S 9 gF %(g) As(<?). Letting xf denote the 
characteristic function of F in G, we have 

XF(5) = \0 5 F = (XXF)(5) 

for all g £ G. It follows that ||a;jr — x|| Q = ||xxf — ^||a — > as F f G. 
For later use we also record a related fact. 

Proposition 3.1. Le£ £ : G — > ^4 and assume that X^eG converges to some 
x G G*(E) lu.r.i. || • || a . XTien £ G and £ = x. 

Proof. Let F be a finite subset of G and set 

vf = ^2^{g)^{g) ■ 

g&F 

Then yp = £p where £f = £ xf- As df — > £ w.r.t. || • || Q by assumption, we have 
£f = 2/F — > x w.r.t. || • ||q,. Hence, for every g G G, we get 

||(X-^)( 5 )|| 2 = ||a^((x-eF)(5)*(x-^)(5)))l| < P-friia 
as F f G. That is, £f(<7) — ^ S?(sO i n norm for every g G G, which gives 

£0) = Kj&ff'te) = 5 e G. 

So £ = x G A^, as asserted. □ 
We set 

GF(E) = jx G G*(E) I x(^) As (5) is convergent w.r.t. || • ||| . 

g&G 

Note that if x G G-F(E), then, as || • || Q < || • ||, it readily follows from what we just 
have seen that the Fourier series of x necessarily converges to x w.r.t. || • |[. In order to 
describe some subspaces of GF(E), we adapt some definitions from [I]. 

Let C be a subspace of A E containing G C (E) and let || • ||' be a norm on C If £ G C, 
then we will say that £ — > at infinity (w.r.t. || • |j') when, for every e > 0, there exists a 
finite subset Fq of G such that ||£f||' < e for all finite subsets F disjoint from Fq. We will 
also say that E has the C-decay property (w.r.t. || • ||') if £ — > at infinity for every £ G C 
and there exists some G > such that 

||Ae(/)||<G||/||', /GG C (E). (9) 
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Proposition 3.2. Let E have the C-decay property (w.r.t. \\ ■ \\') and £ G C. 

Then X^eG^O?) ^(flO converges in operator norm to some x G C*(E) satisfying x = £. 

Denoting this x by Ae(£), and letting As : £ — )• C*(E) 6e i/ie associated map, we have 

A s (£) = {x G C*(E) | x G £} C CF(E) . (10) 

Proof. This proposition is the direct analogue of [H Lemma 3.4] and [U Theorem 3.5], 
and their proofs adapt in a verbatim way (using Proposition 13.11 instead of [U Proposition 
2.10]). 

□ 

For example, consider 

£\G,A) = {£:G^A\ £ ||^)|| < oo} 

g&G 

and let || • ||i denote the associated norm. Then, clearly, £ l (G, A) is a subspace of A s . 
Moreover, E has the ^(G, yl)-decay property (w.r.t. || ■ ||i): £ — > at infinity for every 
£ G £ 1 (G, A) (since this property holds in ^(G)) and 

iia e (/)||< y, 11/(5)^(5)11= E n/(5)ii = n/iii 

9 e supp(/) 9 e supp(/) 

holds for every / G C C (E). 

The space ^ 2 (G, A) = {£ : G — s> A | X] 9 eG Il£(s0ll 2 < °°} > equipped with its natural 
norm || • ||2, is also a subspaces of A s , but it can not be expected that E will have the 
£ 2 (G, A)-decay property (as this is not true when A = C, unless if G is finite). 

We may instead consider weighted ^ 2 -spaces. Dealing only with the scalar-valued case, 
we pick some function k : G — > [1, +oo) and equip 

il(G, A) = {£:G^A\Y, U(9)\\ 2 <9) 2 < +00} 

9 

with its natural norm ||£||2,k = ||£k||2 • 

For example, assume that n~ l G £ 2 (G). Then E has the £ 2 K [G, A)-decay property (w.r.t. 
|| ■ ||2, K )- Indeed, it follows from the Cauchy-Schwarz inequality that 

IIAs^H^II/ll^ll^lbll/lk. 
for every / G C C (E), and the assertion easily follows. 

In [3], we introduced the notion of n-decay for the group G. It just expresses that 
the system (C,G, id, 1) has the £ 2 K {G, C)-decay property (w.r.t. || • || 2,^) ■ Note that the 
inequality ([9]) then just amounts to 

||/*ff||2<C||/|| 2)ft |bl|2 

for all / G C C (G) and g G £ 2 (G) (where f *g denotes the usual convolution product), and 
the least possible C > is called the decay constant. One should note that any countable 
group is K-decaying for suitable choices of k with relatively slow growth, see for example 
[U Lemma 3.14]. 
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Proposition 3.3. Suppose that G is k- decaying. Then S has the i 2 . (G, A) -decay property 



[w.r.t. || • || 2jK ). Hence, if x G G*(E) and x G ^(G,A), i/ien x G GF(E). 

■ || 2 ,« (since 5 IK^XsOU is a 



Proof. If £ G ^(G,^), then £ -> at infinity w.r.t. | 
function in £ 2 (G) and therefore goes to at infinity). 

Next, we pick a faithful representation ir of A on some Hilbert space T~L with associated 
norm || • ||%, and form the regular representation n x \ w of G*(£) on H = £ 2 (G,'H) with 
associated norm given by \\r]\\ H = (J2 g eG \\v(9)\\h) 1/2 ■ 

As ||A S (/)|| = ||A(/)|| = || (if x A^/H for all / G G C (E), it suffices to show that there 
exists some C > such that for all / G G c (£) we have 

IK* x~K)f\\<c\\f\\ 2 , K . 

So let / G G C (E). Set F = supp(/) and define f(g) = \\f(g)\\ , g G G, so / G C C (G). Then 

2 = Ei^)i 2 ^) 2 = ii/ii 2 , k . 

<?6F 



!« = E 11/(5)' 



Let e G ft = ^ 2 (G,ft) and set £(<?) = ^(ff)^ , 5 G G, so £ G ^ 2 (G) and ||£|| 2 = ||£||^. 
Let now /i G G. Then we have 



v? x A 7r )/)£](/i)||^ = II (E ^(/(s)) K(g)t) (h) 



g&F 



J2< a h 1 (f(9))Ha^(a(g,g- 1 h)))^g- 1 h) 



g£F 



H 



<E IkKVG?)))!! IkK^fojr 1 *)))^ 1 *)! 



9 eF 



<Ei(/*^W = ii/*fn 



<2 11 i"||2 



This gives 

((?? x 

< c a m,jkii 2 

where G denotes the decay constant of G w.r.t. k. Hence, 

||(t? x A^/H < G||/|| 2 , K 
as desired. The last assertion then follows from Proposition 13.21 



c 2 \\f MiM 2 * 



□ 



We may now obtain a generalized version of [H Theorem 3.15]. It relies on the concept 
of polynomial (resp. subexponential) H-growth that we introduced in pQ. For amenable 
groups these concepts of growth coincide with the classical ones. For other examples, see 
H Section 3]. 
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Corollary 3.4. Let L : G — > [0, oo) be a proper function. 

If G has polynomial H-growth (w.r.t. L), then there exists some s > such that the 
Fourier series of x E C* (E) converges to x in operator norm whenever 

^||x( 5 )|| 2 (l + L( 5 )) s <oo. 

geG 

If G has subexponential H-growth (w.r.t. L), then the Fourier series of x E C*(Yi) 
converges to x in operator norm whenever there exists some t > such that 

^2 P(#)f exp(iL(sO) < oo. 
geG 

Proof. Assume that G has polynomial H-growth (w.r.t. L). By [H Theorem 3.13, part 1)], 
we know that G is (1 + L) s -decaying for some s > 0. The first assertion is then a direct 
consequence of Proposition 13.31 If G has subexponential H-growth (w.r.t. L), the proof is 
similar, except that we now use [H Theorem 3.13, part 2)]. 

□ 

In some aspects (see for example Proposition 14. 161 and its following remark), the spaces 
t 2 K (G, A), as subspaces of A^, seem to be too small when A is non-trivial, and one should 
instead consider the subspaces 

A^ = |^ : G — > A \ a g 1 (£,(9*)£.(9)) K (9) 2 1S norm-convergent in A^ 

g&G 

= {£:G^A\£KeA j: } 

equipped with the norm ||£||qs,/c — IIC^IIq* In the case where A is commutative, o~ is scalar- 
valued and k is of the form k = (1 + L) m for some proper length function L on G and 
m G N, such subspaces have previously been considered in [311 [10]. Note that we have 

t\G,A) C l 2 (G,A) c A s 
u u 
e K {G,A) c Al 

Moreover, if £ has the ^-decay property, then £ also has the & 2 K (G, A)-decay property 
(as ||/|| Qire < \\f\\ 2>Kt / G C C (E)). 

We will see in Corollary 16.31 that £ has the ^4^-decay property whenever A is commuta- 
tive, a is trivial and G is K-decaying. We expect that the A^-decay property will also hold 
in some cases where the action is not trivial, but leave this open for future investigations. 
We only mention that it might be useful to consider the notion of S- content, defined for 
a finite nonempty subset E of G by 

C E (£) = sup{||A E (/)|| | / € C C (S), supp(/) C E, ||/|U = 1} . 

To see that Cy,{E) is finite, consider / E C C (S) satisfying supp(/) C E and \\f\\ a = 1. As 
< \\f\\ a = 1 for all g G G, we have 



||A E (/)||<£ II/O0H <|i3|||/|| =\E\. 

g&G 

Hence, Cy,{E) < | _ZE7 1 < oo. One can also check that if F is another finite nonempty subset 
of G, then we have C s (£) < C E (F) whenever ECF, and C^(E U F) < C^{E) + C S (F) 
whenever E and -F are disjoint. 

When A = C, then it is not difficult to see that Cx(E) < c(E) < |£| 1/2 , where c(E) 
denotes the Haagerup content of E (as defined in [1]). To proceed further, one will need 
to develop techniques to obtain more precise estimates for Cy.(E) in the general case. 
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4 Multipliers 



We will let MA(G) (resp. MqA{G)) denote the space of multipliers (resp. cb-multipliers) 
on G, as defined for example in [1'2\ 141] , and considered in [J]. We recall that 

B{G) C UB(G) C M A(G) C MA(G) 

where B{G) denotes the Fourier-Stieltjes algebra of G and UB(G) denotes the algebra 
consisting of the matrix coefficients of uniformly bounded representations of G. (It is also 
well known that all these spaces coincide whenever G is amenable.) Our aim in this section 
is to introduce some similar spaces for X. 

In [5] we introduced the notion of so-called rf- multipliers of S, giving rise to certain 
bounded maps from the reduced to the full crossed product. A related concept is as 
follows. 

Let T : G x A — > Abe a map which is linear in the second variable. For each g, we let 
T g : A — > A be the linear map obtained by setting 

T g (a)=T(g,a) aeA. 

Moreover, for each / G C c (£), we define T ■ f G C C (E) by 

{T.f)(g)=T g (f(g)), g€G. 

Then we say that T is a (reduced) multiplier of £ whenever there exists a (necessarily 
unique) bounded linear map Mt ■ (C*(£), || • ||) — > (C*(£), || • ||) satisfying 

M T A E (/) = A S (T-/), 

that is, 

Mt(£ fig) \M) = £ T g (f(g)) A E ( 5 ) , 

g&G g&G 

for all / € C C (S). Note that Mt is then uniquely determined by 

M T {a\x(g)) =T g (a)\x(g), a G A, g G G . 

Hence we have ||T 9 (a)|| < ||My||||a|| for every g G G and a G A, and it follows that each T g 
is bounded with ||T S || < ||Mr||. Especially, the family {T g } ge G is necessarily (uniformly) 
bounded. 

We also note that for each x G C*(S) we have 

MAi){g)=T g (x{g)), geG. (11) 

Indeed, this is easily seen to be true when x G Ae(C c (S)), and the assertion then follows 
from a density argument. Conversely, if there exists a bounded linear map Mt from C*(S) 
into itself such that (Hip holds for every x in C*(S), then it follows readily that T is a 
multiplier of S. Thus this might be taken as an alternative definition. 

We will let M^4(S) denote the set of all (reduced) multipliers on X. This set, that 
always contains the trivial multiplier Is (defined by Iz(g, a) = a for all g G G, a G ^4), has 
an obvious vector space structure, and can be equipped with the norm given by 

|||r||| = ||m t || . 
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We will also consider its subspace M A(T,) consisting of (reduced) cb-multipliers, that is, 
multipliers on £ satisfying that Mt is completely bounded [101 [H], i.e. ||Mt[|c6 < oo- 

The simplest conceivable kind of multipliers on £ are those arising from scalar- valued 
functions on the group. Consider <p : G — > C and let : G x A — > A be defined by 

T v (g,a) = p(g)a, a G A, g G G . 

It is not difficult to see that if T v G MA(S) (resp. T v G M A(£)), then 99 G MA(G) 
(resp. 99 G M A(G)). It is not clear to us that T v G M4(E) whenever p G M4(G). 
However, as we will soon deduce from a more general result, we do have G MqA(Y,) 
whenever p G M$A{G). As a warm-up, we will first show that G MqA(Y?) whenever 
p G [75(G). 

The following lemma, in the vein of Fell's classical absorption principle, is similar to 
pi Lemma 2.1]. 

Lemma 4.1. Let v be a uniformly bounded representation of G in the group of bounded 
invertible linear operators on some Hilbert space K. 

Then there exists an invertible adjointable operator V on the Hilbert A-module A s ®K, 
satisfying 

V{a\^{g)®I K )V- 1 = a\x(g) ® v{g) , a G A, g G G . (12) 
Proof. Let W be the invertible adjointable operator on A G ® fC = (A (g) JC) G given by 

(W()(g) = (id ® v(g))C(g), ( G (A <g> /C) G , g G G . 
Then, for every vector of the form b ® 5^ ® r\ G A G ® K = A ® £ 2 (G) ® /C, we have 

W(2(a)A*(0)®I K )(&®<5 h ®i7) = ^(0^(0(7(5, /i))6® V® 7 ?) 

= a~l(aa{g, h))b ® <^ ® w^/t)?? 
= a^V ® V ® v{g)v(h)n 

= (£(a)Xe(g) ® ufo)) (6 ® «5 fc ® u(%) 
= (£(a)A £ ( 5 ) ® v(s-)) W(& 8) tf h ® ry) , 

By a density argument, we get 

W(£(a)X £ (g) ® Ik)^ 1 = ^(a)A £ (<?) ® vfo) , a G A, <? G G . 

We can now define V on A s ®/C by V = (J® J;c)W(J* ® I K ) and the identity (JTSJ) readily 
follows. 

□ 

Note that when v is a unitary representation of G on /C, the operator V in Lemma 14.11 
is unitary. Especially, choosing v = A (the left regular representation of G on £ 2 (G)), we 
get an injective homomorphism <5s : G*(£) — )• G*(£) ® G*(G), called the (reduced) dual 
coaction of G on G*(E), by setting 

5x{x) = V(x®I)V* , x G G*(£) . 

The reader may for instance consult the appendix of [17] for a survey of the vast area of 
coactions on C*-algebras and their crossed products. We won't need this theory in this 
paper, but we will make a couple of remarks involving 5^, in Section 6. 

The next proposition generalizes [121 Theorem 2.2]. 
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Proposition 4.2. Let v be a uniformly bounded representation of G into the bounded 
invertible operators on some Hilbert space K, and set K = sup {||u(p)|| ; g G G} < oo. 
Let 771,772 G /C and define ip G UB(G) by 

v(9) = (m ,v{g)r} 2 ) , g^G. 

Then G M A(E). Moreover, setting M v = M Tv : G*(E) -> C*(E), we have 

M^{a\z{g)) = tp(g) a A E (ff) , a £ A , g £ G , 

and 

IIIT^IH = ||MJ < ||M v || cb <E: 2 ||77i||||77 2 ||. 

Proof. Let V be the operator on A s (gi /C obtained in Lemma 14.11 
For 77 G /C, let 0^ : — > ® /C be the adjointable operator given by 

its adjoint being determined by 9* (£' <g> 77') = (77, 77') £' G 77' G /C. 
Now define : C{A^) ^ C{A^) by 

M,( I ) = fl;v(^/ )C )rX 2 . 

Then M v is completely bounded (see |40|). with 

IIM^IU < ||^ V\\ WV-^W < K 2 ||?7i|| 117/211 . 

Let £ G A^. Using Lemma [47T| we get 

M^aMg)) (, = e* m V(a\x(g) ® J K )^% £ 
= ^ 1 (aA s ( 5 )®7j((7))^ 2 ^ 
= 0^(aA E (s)£® 

= (m, v {g)m) a\ s (g)^ 

= <p{g) aX^{g) £ 

This shows that T v G MqA(T,), with M7V = M v , and the final assertion follows from this. 

□ 

When a is trivial, the following corollary is due to Haagerup (see |25l Lemma 3.5]). 

Corollary 4.3. Let ip be a positive definite function on G. 

Then T^ G MqA(Y,), M tv : C*(S) ->• G*(£) is completely positive, and 

lllr^m = ||M Z v|| = ||M v |U = ^(e). 

Proof. Since we can write as y>(g) = (77 , i>(g) 77) , g G G , for a suitable unitary represen- 
tation u of G on some Hilbert space "H, the result follows readily from Proposition 14.21 and 
its proof. 

□ 
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More generally, given a map <p : G — > A, we may consider the maps L v and Rf from 
G x A into A given by 

L v (g,a) = cp(g)a, R v (g,a) = acp(g) , geG, a G A. 

Inspired by the known characterizations of M$A{G) (see e.g. EJ [33l ETJ ) , we will give in 
Theorem 14.51 some conditions ensuring that these maps belong to MqA(E). For a different 
result about MA(S), see Proposition 14.161 

We will use the following lemma: 
Lemma 4.4. Let X be a Hilbert A-module and ( G £°°(G,X). Define V{ : A G -)■ X G 6y 

te£](s) = CG7K(s), ee^seG. 

T/ien V ? G C(A G ,X G ), \\V C \\ < ||CI|oo and 7 f * is ^wen 6t/ F f * = W c : X G -»• A G ', where 

[Wcv](g) = (C(g),v(g)), v^x g , 9 gG. 

Proof. Let £ G A G and define 7 : G — )■ X by 

7(5) = C(s) • £(<?) , g £ G . 

Then, for each 5 G G, we have 

<7fo),7fo)> = ^(5r<c(5),c(5))c(5) < iic(5)ii 2 ^re(5) < iiciiL^reo/)- 

It follows that 7 G X G and 

H7II 2 = II E (7(5), 7(5)) II < iiciiL II £eao*fG0 II • 

96G geG 

This shows that F c is well-defined and ||V f f|| < ||Clloo IICII- 
Similarly, let n G X G and define <5 : G — > A by 

5(g) = (((g), v (g)), g^G. 

Then, for each g G G, we have 

%)*%) = (CGO.ufo))* (CG?),^)) < IIC(9)H 2 (v(g)M) < HCIlL (MM) ■ 

It follows that 5 G A G . This shows that W{ : X G -> ,4 G is well-defined. 
Now, let £ G ^4 G , 7/ G X G . Then we have 

(V(^V) = E <(^)(5),r/( 5 )> = E <CC«0 • 
geG 9 eG 

geG geG 

Hence, V£ is adjointable with V^* = W^, as desired. 

□ 
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Theorem 4.5. Let tp : G — > A be a map and L v , : G x A —> A be defined as above. 
Let tt be a representation of A on some Hilbert A-module X and 171, 772 G £°°(G,X). 

I) Assume that 

■K(a)rj 2 (t) = 772(2) • a for all a G A, t G G , (13) 

i P (st- 1 ) = a s ((m(s),V2(t))) foralls,teG. (14) 

Then L* G M A(E), and \\\Lf\\\ < \\M Lv \\ cb < Halloo ||7? 2 ||oo- 

If Vi = V2, then Ml? is completely positive and |||i^||| = ||AfL<p||c& = ||y(e)||. 

r) Assume that 

7r(o) 771 (i) = 771(2) • a for all a G A, t G G , (15) 

(pist' 1 ) = Ad(o-(s,st~ 1 ))a s ((7/i(s), 772(2))) for all s,t G G . (16) 

Then RP G M A(E), and \\\RP\\\ < \\M Rv \\ cb < \\m\\oo IMU- 
Ifrjx = 1J2, then Mr v is completely positive and IH-R^IH = ll-M^^Ucfi = ||v 9 ( e )ll- 
Proof. We use the notation of Lemma li~4l and set Vj = V Vj G C(A G , X G ), j = 1,2. 
We may then define a completely bounded linear map M : C(X G ) — > C(A ) by 

M(S) = V*SV 2 , SeC(X G ), 

and Lemma H3] gives ||M|| C & < ||Vi|| UV2II < [| 771 1| 00 ll^lloo • Clearly, M is completely posi- 
tive if 7/1 =7/2- 

Consider a G A, g G G, £ G A G . Then, for each h G G, we have 



[M(7f(o) Ms)) £](/*) = [V^{a)K{g)V 2 (\{h) = (rn{h) , {*(a)K(g)V 2 t){h) 

We also note that 

(7f(o) K(g)V 2 Z)(h)=7r(af(a)alHa(g,g- 1 h))(V 2 0(9- 1 h) 

= 7r(a^(aa(g, g~ l h))) { m {g- l h) ■ i(g~ l h)) 



where we have used A-linearity at the last step. Hence, we get 

[M{%(a) \ w (g)) e] (h) = (rn(h) , -K(a^\aa(g, g^h))) m^h)) ^h) . (17) 
We divide the rest of the proof in two cases. 

i) Assume that the assumptions in I) are satisfied. Assumption (Tl3l) gives 
' r K 1 ( ttff (5iJ~ 1 ' 1 ))) mig^h) = m{g~ lh ) ■ ^(aa^g^h)) , 

so we get 

[M(n(a) K(g)) £] (h) = (rn(h) , mio^h) ■ a^aa^g^h))) fo^h) 

7?i(/i), m{g~ lh )) <xj; 1 (a(T(g,g~ 1 h))€(g~ 1 h). 
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As assumption dH]) gives ip(g) = <p(h(g 1 h) x ) = a ft ((ryi(/i), r] 2 (g 1 h)}), 
we have 

a h 1 (<p(g)) = (r 1l (h), m (g- 1 h)). 

Hence, we get 

[M(7f(o) A,( ff ))(](/ 1 ) = a- 1 M 9 )) aj; 1 {aaig,g- 1 h))^{g- 1 h) 
= a h 1 (ip(g)aa(g,g' 1 h)) 
= [%>(<?) a) \t(g)£](h). 

By linearity, we get M (tt X A 7r )(/) = A(L^ • /) for all / G C C (S). As M is bounded, it 
follows that M maps (tt x A 7r )(C*(E)) into A(C*(S)) C £(A G ). 

As 7f x is weakly contained in A (cf. [5, p. 188]), and As is unitarily equivalent to A 
(via J), there exists a homorphism ip : C*(S) — > £(X G ) such that V'^-s = n x A^. 

Let now M : C*(E) -> C*(E) be given by M = (Ad J)Mip. Since M is completely 
bounded, M is also completely bounded. Moreover, we have 

MA E (/) = (Ad J)MHs(/) = (Ad J) Af (if x 

= (AdJ)A(L^-/)=A E (L^-/) 

for all / G C C (E). This shows that L v G M A(E) with M Lv = Af. Moreover, we get 

lll^lll = ||M L ,|| < ||Af ||c6 < ||M|| c6 < H^ll 

oo 1 1 f]2 1 1 oo ■ 

If 7/1 = 772, then M^ip = M is a composition of completely positive maps and therefore 
itself completely positive. As Mlv{1) = ( / 3 ( e )> the last assertion of I) readily follows. 

ii) Assume now that the assumptions in r) are satisfied. Equation (|17j) gives 

[M{^a)K{g))(\{h) = (nia-^aa&g^h)))*^),^- 1 ^)^- 1 ^. 
Using assumption (fT5|) . it follows that 

[M{n(a) \ir(g)) d] (h) = ( m (h) ■ al\aa(g,g- l h))\ m (g- l h)) ^h) 
= a^(aa(g,g- l h)) (jn(h) , mig^h)) fa^h) . 

Now, assumption (fT6|) gives 

<p(g) = ifiHgh- 1 )- 1 ) = vfag-^ahUnxih^mig^h))) afag^h)* , 

hence 

(vi(.h),r) 2 (g~ 1 h)) = aj; 1 (a(g,g~ 1 h)* ip(g)a{g, g' 1 h)) , 

and we obtain 

[M{n(a)\ n (g))Z}(h) = a^iaaig, g' 1 h)) a^ 1 {a(g, g^h)* <p(g)a(g, g' 1 h)) 
= a- h 1 {a^(g))a- h 1 {a(g,g- 1 h))i{g- l h) = [i{aip{g)) ~X e (g) £] (h) . 

By linearity, we get M (tt x A 7r )(/) = A(i?^ • /) for all / G C c (£). Clearly, we can now 
proceed as in the previous case to finish the proof. 

□ 
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Example 4.6. Let (p, v) be an equivariant representation of £ on a Hilbert module X 
and x, y G X. Assume that x or y lies in the central part Zx of X. Let 99 : G — > ^4 be 
given by 

<p(g) = (x,v(g)y) , geG, 

and consider the associated map if y € (resp. i?* 3 if x G Zx). 

Then an elementary computation, using that Zx is left invariant by each v(g) (see [5]), 
gives that 92 satisfies the assumptions in part I) (resp. part r)) of Theorem 14.51 with 

£i(s) = adp(a(s,s" 1 )) w(s _1 )x, £ 2 (*) = y , when y G 

(resp. 

^i(s) = f(s _1 ) x , ^(i) = adp(o-(t _1 , i)*) v(s _1 ) x , whenxGZx). 

Hence, we get that L v (resp. .R^) is a cb-multiplier of £ when y G Zx (resp. x G Zx). 
We will in fact give an alternative approach in Example 14.111 

□ 

Theorem 14.51 is well known when A = C and a = 1. Indeed, consider {p : G —■ C As 
shown in |41[ Theorems 5.1 and 6.4] (see also [33], [7]), </? G Mo-A(Cr) if and only if there 
there exist a Hilbert space /C and £1,^2 £ £°°(G,)C) such that 

^(sr 1 ) = (£i(*),6(t)> for all s,i £ G. (18) 

Moreover, in this case, letting M v : C*{G) — > C*(G) denote the associated completely 
bounded map, we have HM^Hcj = inf ||£i||oo Halloo where the infimum is taken over all 
possible pairs £i,£ 2 satisfying the above conditions for some Hilbert space /C. 

Using this characterization of MoA(G), we get: 

Corollary 4.7. Let ip G M A(G). Then G M A(£) and \\\Tf\\\ < ||M r¥ >|| c6 = ||M^|| c6 . 

Proof. Define ipA '■ G — > A by <pa( s ) = ^p( s ) ■ 1- Then pick a Hilbert space /C and 
6,6 G £°°(G,JC) such that ([18]) holds. 

Consider the Hilbert ^4-module X = >1 ® /C and the canonical representation tt of 
A on X (determined by n(a)(b (g> (") = ob (g> Q. Moreover, define 771 , 772 G £°°(G, X) by 
fy-(a) = 1®&(s), 3 = x ' 2 - 

Then, trivially, 772 satisfies the assumption (|13p in part I) of Theorem 14.51 Further, for all 
s,t G G, we have 

« s «Ms),%(t)» = a s ((l, 1) (&(«),&(*))) = (fiW,6(t)) • 1 = VA(st- 1 ) . 

Hence, the assumption (|14p in I) is also satisfied (with ipX) and we may apply Theorem 
1451 We get = L VA G Af (E), and 

IIIT^IH < ||T^|U = \\L^\U < llr/ilU H^lloc = lieilloo II6IU . 

As this holds for any choice of £1,6 satisfying ([T8]) . we get |||T"''||| < HT^m < ||Mp||c&, as 
asserted. 

□ 
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We will now show how one may produce cb-multipliers of E associated with equivariant 
representations of E, in a more general way than the one outlined in Example 14.61 When 
A is trivial, the basic ingredient in an equivariant representation consists of a unitary 
representation of the group on some Hilbert space, and the associated multipliers are then 
just given by Proposition 14.21 In the general case, our procedure is technically much more 
involved and requires some preparations. We first state the result. 

Theorem 4.8. Let (p, v) be an equivariant representation of E on a Hilbert A-module X 
and let x, y G X. Define T : G x A — )■ A by 

T(g,a) = (x , p(a)v{g)y) , geG,aeA. 

Then T G M Q A(Y>) and 

|||T||| = \\M T \\ < \\M T \\ ch < H \\y\\ . 
Hence, M T : C*(E) -»• C r *(S) satisfies 

M T (a\x(g)) = (x, p(a)v(g)y)\x(g) (19) 

for each a G A, g G G . 

If x = y, then Mt is completely positive and \\\T\\\ = ||Mr|| = ||Mr|| c b = \\x\\ 2 . 

We define -B (S) to be the set of all multipliers of E obtained as in Theorem l4.8[ thinking 
of it as the set of A- valued matrix coefficients associated with equivariant representations 
of E. Theorem 14.81 then says that 

5(E) c M A(E) . 

Note that I s G (taking X = A, (p,v) = (l,a),£ = r/ = 1). Moreover, MqA(T) (and 

MA(Ti)) can be endowed with an algebra structure, -B(E) and UB(G) may be seen as 
unital subalgebras of MqA(Y>), while B{G) may be seen as a unital subalgebra of both 
B(Tj) and UB{G). To do this, we would especially need to discuss the notion of tensor 
product of equivariant representations of E. As this is somewhat lengthy and would take 
us away from our main focus in this paper, we will not elaborate on this any further here. 

Our proof of Theorem 14.81 will rely on a new version of the Fell's absorption principle. 
It uses the machinery developed in [5j Section 4], where another analogue of Fell's principle 
was established [U Theorem 4.11]. 

We start with a lemma. Note that if X is a Hilbert vl-module, being a representation 
of A on the Hilbert A-module A 2 , we may form the internal tensor product X ®| s A 2 , 
which is also a Hilbert A- module (see |35l Chapter 4]). 

Lemma 4.9. Let (p,v) be an equivariant representation o/E on a Hilbert A-module X. 
There exists a unitary operator W G C(X <% E A s , X G ) which satisfies 

[W (9) = vis)' 1 (x ■ £(<?)) (20) 

for all x G X , £ G A^ , g G G . 

Proof. We first define W on the dense subspace Y of X Cg>£ E A^ consisting of the span of 
elements of the form x(g)£ , where x G X , £ G C C (E). For y = J27=i x i®£,i £ ^ we se t 

n 

(Wy)(g)=v(g)- 1 (Y,^-&(9)), g^G. 

8=1 
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Then we have 

n 

(Wy, Wy) = E E {^r^Xi-Ug)) , v{g)- l { Xj -^{g))) 

g&G i,j=l 
n 

g&G i,j=l 
n 

g&G i,j=l 
n 

3SG i,i=l 
n 

ra n 

= E (& ' tx({xi , Xj)) Ci) = E ( x *®& ' = (v>y) 

i,j=l i,j=l 

as interchanging the sums is allowed, the £j's being assumed to have finite support. 

It follows that W is a well defined isometry from Y into X G , that satisfies equation 
(|2U|) by definition. It extends to an isometry, also denoted by W, from X®^ A 2 into 
As the range of W obviously contains C C (G,X), W is surjective. 

Moreover, W is A-linear: It clearly suffices to check that W((x®£) - a) = (W(x<8>£)) ' a 
for all x € X, £ € ^4 S , a£i. Now, for every g 6 G, we have 

[W((x®£) • a)] (<?) = [W((z®(£ x a))] (<?) = v(g)- 1 (x ■ (£(<?)a 9 (a))) 

= ^fl) -1 ((x • £(9)) • a fl (a)) = («(< 7 )- 1 (x • £(<?))) • a 
= ( (5)) ' a = [(W(x®£)) ■ a] (g) , 

where we have used property (iv) of equivariant representations. This shows our assertion. 

Thus, W is a bijective, A-linear isometry and it follows from |35|, Theorem 3.5] that 
W is unitary. 

□ 

Here is our new version of Fell's classical absorption principle. 

Theorem 4.10. Let (p,v) be an equivariant representation of T, on a Hilbert A-module 
X. 

Let (is)* : ~~ ^ £{X ®£ s A^) denote the canonical homomorphism associated with Iy,, 
so p®l^ = (fe)* op: A^ C(X <8> £e A s ). 

Then the product covariant representation (p®l-z , v®Xs) of S on X (g)£ E A 2 is unitarily 
equivalent to the regular covariant representation (p , X p ) ofT, on X G . Hence, we have 

{p®&v) x (u0A s ) ~ p x A p . 

Proof. Let W 6 C(X g)^ s , X G ) be the unitary defined in Lemma 14.91 To prove 
the assertion, it is enough to prove the equalities p(a)W = W(p®£z)(a) and X p (g)W = 
W(v®Xx)(g) for all a € A, g £ G. We will check these on a total set of vectors. 
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We have 

[p(a)W(x®ti)](h) = p(aj;\a)){[W(x®OKh)) 

= p(a- h \a))([v(g)-\x-ah))]) 

= v{h)- 1 p(a){x ■ i{h)) 

= v(h)- l {(p(a)x)-i(h)) 
= [W{p{a)x®Q](h) 

= [W((e s )*op)(a)(x®0](h) 
= [W{p&v)(a)(x®0](h) , 

for all a <E A,x £ X,£ <E A^, h £ G. 

Similarly, using property (ii) of equivariant representations, we have 

v(g) = ad p (a(g, g' 1 h)) vityvig' 1 h)' 1 , g,h £G, 

and this gives 

[\ p (g)W(x®0](h) = p{al\a(g,g- 1 h))){[W(x®ti)]{g- 1 h)) 

= vih^piafag^hMh) v{g- x h)-\x ■ fa^h)) 

= v(h)- 1 [(v(g)(x-^(g- 1 h)))-a(g,g- 1 h)) 

= v(hT 1 {(v(g)x)-(\v(g)0(h)) 
= [W(v(g)x®\j;(g)Z)](h) 

= [W(v®\x)(g)(x®0](h) , 

for all x £ X, £ £ A^, g,h £ G. 

□ 

To prove Theorem 14.81 we will use the same notation as in the proof of Theorem 14.101 

Proof of Theorem \4-8\ As discussed in [5, Section 2], the Hilbert A- modules X G and 
A G % p X are unitarily equivalent via the map U £ C{A G ® p X, X G ) given by 

[U(f®xj\ (h) = P (f(h))x , / £ A G , x £ X, h £ G . 

Moreover, letting : C(A G ) — > C(A G <S> p X) denote the canonical homomorphism, we 
have 

Up*(l{a))U* = p{a) for alias A, 
Up*{\ e (g))U* = X p (g) for all g £G. 

For x £ X, let 9 X £ C(A S , X ® £s A E ) be defined as in [35\ Lemma 4.6], that is, 

Then, for all y £ X, rj £ A^, we have 

G* x {y®i) = y)) rj = (x, y) r) 

(since we identify A with £x:(A)). 

Let x,y £ X be given. Then define a linear map $ : C(A G ) — > C(A^) by 

$(•) = #* w*u P *(-)u*we y . 
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Then $ is completely bounded (see e.g. [10]), with 

||*|| < ||*IU < \\x\\ \\y\\ ■ 

Moreover, if x = y, then $>(•) = 8*W*U />*(•) U*W0 x becomes completely positive and 
satisfies 

||*|| = ||*IU = ||*(/)|| = IM| 2 . 

Now, for all a G A, g G G, £ G ^4 E , we compute 

$(t(a)\e(g))£ = e* x W* U p*{£(a)\t(g)) U*W6 y t 
= 9* W*p(a)\ p (a)W(y®Z) 

= 0* [(fe).(p(a))] Ky)y®A s (y)e) 
= 0*(p(aMy)y®A s (y)£) 
= (x, p(a)v(g)y) A s (y)£. 

Hence, letting Mp be the restriction of $ o Ad(J*) to G*(£) C £(^l s ), we clearly get a 
completely bounded map Mt ■ G*(£) — >■ G*(£) satisfying 

M T (aA E (y)) = (x,p(a)v(g)y) A s (y) = T g (a) A E (y) 

for all a G A, g G G. This means that T € Moj4(£), and Mr satisfies the desired 
properties. 

□ 

Example 4.11. (Example 14.61 revisited) . Let (p,v) be an equivariant representation of £ 
on a Hilbert module X and x, y G X. Let T denote the associated multiplier of £, as in 
Theorem 14.81 Assume that x or y lies in the central part Zx of X and let 99 : G — > A be 
given by (p(g) = (x,v{g)x). Then, as Zx is left invariant by each v(g) (cf. [5]), T is given 
by 

T(g,a) = (x,v(g)y)a = <p(g)a if y G Zx, 

or as 

T(y, a) = a (x, v(y)y) = a <p(y) if x G Z x . 

Hence, we recover the multipliers considered in Example 14.61 Note that if x and y both lie 
in Zx, then 93 takes its values in Z{A) (the center of A). Moreover, if x = y G Zx, then 
we have <p(y) = (x, v(g)x) for all g G G, so <p is of positive type (w.r.t. a) in the sense of 
Anantharaman-Delaroche [T] (assuming a is trivial). We do not know whether functions 
from G to A of positive type give rise to multipliers of £ in general. 

□ 

Example 4.12. Let wbea unitary representation of G on a Hilbert space H and let (p, u) 
be an equivariant representation of S on the Hilbert module X. One can then consider the 
Hilbert A-module X®H and the equivariant representation (p <g) l,v®w) of E onX®W. 
(We leave to the reader to verify that this is indeed an equivariant representation; note 
that (p (g) l, v (g) w) will not necessarily give an equivariant representation if uu is assumed 
to be a uniformly bounded representation of G). 

Let x, y G X, £, 77 G so that x ® £, y (g> 77 G X Then, by Theorem 14.81 we get a 
multiplier T" G MqA(T,) given by 

T'(g,a) = (x®t,(p®L)(a)(v®w)(g)(y®Tj)) 
= (x ® £ , p{a)v(g)y ® w(g)r]) 
= (x , p(a)v(g)y) (f , ^(5)77) , a G A, y G G . 
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Note that if (p,v) = (£,a) and x = y = 1, then T'(g,a) = (£,w(g)r)) a, so T = T v 
where ip(g) = (£,w(g)r)}. Thus B(G) naturally embeds into S(S). 

This example is an illustration that we have B(G) -£>(£) C £>(£) (with respect to the 
natural product structure in !?(£)). 

□ 

Example 4.13. Let (p,v) be an equivariant representation of £ on X and consider the 
induced regular equivariant representation (p,v) of £ on A G . Theorem 14.81 gives that the 
map (g, a) — > (£, p(a)v(g) rj) is a cb-multiplier of £ for any £, 77 € X G . 

Note that this fact can also be deduced from [3 Proposition 4.13] (by letting (ir,u) in 
this proposition be As) and using that p x X p is weakly contained in As). 

□ 

Example 4.14. Let /3 be an endomorphism of A and assume /3 satisfies the following two 
conditions: 

i) [3a g = ctg/3 for all g G G. 

ii) P[a{g,hj) = a(g,h) for all g, h € G. 

Then one checks easily that /3 extends to an endomorphism /? of As(C c (£)) satisfying 

P(a\v(g)) =/3(a)A s ( ff ), a e A, # e G . (21) 

To show that /3 extends to an endomorphism of C*(£), we can consider the equivariant 
representation of £ on A given by (/O^, a), where pp{a) b = /3(a) b, a,b £ A. We leave it as 
an exercise to verify that conditions (i) and (ii) imply that this is indeed an equivariant 
representation. Choosing x = y = 1 € A gives (x, pp(a)ot(g)y) = /3(a) for all a G A, g G G, 
so Theorem 14.81 tells us that there exists a cb-map Tg on G*(£) satisfying equation (|2ip . 
Since coincides with /3 on Ax(G c (£)), it follows that Tp is an endomorphism of G*(£) 
extending /3, as desired. 

□ 

One of our motivations for studying multipliers is that they naturally appear in the 
context of summation processes for Fourier series of elements in G* (£), that we will discuss 
in the next section. As in [1], which deals with the case where A = C, we will be interested 
in multipliers that have some kind of smoothing property. 

To explain this, consider T G MA(Ti) and x G G*(£). Recall that we have 

M^)(g)=T g (x(g)), oGG. (22) 
This means that the Fourier series of Mt(x) is 

geG 

In general, there is no reason why this series should converge w.r.t. the operator norm 
for all x in G*(£), i.e. it may happen that M T {x) GF(£) for some x G G*(£). We 
therefore define 

MCF(H) = { T G Mi(S) | M T (x) G CF(E) for all x G G*(£)} . 

Following the proof of [4j Proposition 4.7], one can check that MCF(S) consists of 
all maps T : G x A — > A that are linear in the second variable and satisfy that the series 
^geG T g(%(9)) Ae(sO converges w.r.t. || • || for every x G G*(£). 
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Of course, if T G M4(S) has finite G-support, that is, T g = for all but finitely many 
c/'s in G, then the Fourier series of Mt{x) is just a finite sum for every x G C*(S), so 
T G MCF{Tj). But one can easily find examples whitout finite G-support: 



Example 4.15. Let up G I 1 (G). As £ X (G) C £ 2 (G) C 5(G), G M A(E). Moreover, 

MMx) = M^x) = ipx G ^(G,^) 

for all x G G r *(£), so M TV (x) G GF(E) for all x, hence G MGF(E). 

When vl = C, it is not difficult to show that T v G MGF(S) whenever ip G ^ 2 (G), cf. [5 
Section 4, p. 356]). But the argument given there does not carry over to the general case, 
and we do not know if this assertion always holds when A is non-trivial. 

□ 



The next proposition shows how multipliers belonging to MCF(S) may be produced 
in a way similar to \26\ Lemma 1.7] and [U Proposition 4.8]. It explains why the A^-spaces 
introduced in Section 3 have to be taken into consideration. 

Proposition 4.16. Let k : G — > [1, oo) and assume that £ has the A^-decay property with 
decay constant C . 

Let ip G ^°(G, A), that is, ip : G — > A satisfies K = Halloo = sup 9gG \\ip(g)K(g) || < oo. 
Let L^ : G x A -+ A be given by L^(g,a) = \p(g)a. 

Then L^ G MGF(E) with \\\L^\\\ < CK . 
Proof. Let £ G A s . Then 



2 



9 eG 



< 



" 9 eG 
9 eG 

Hence, for any / G G c (£), using (jHJ), we have 

||M^ (A s (/)) || = ||A S (V /)|| < G ||^|U, K < Gif H/IU < CK ||A S (/)|| . 

This shows that L^ G MA(E) with |||r>||| < CK. 

Let x G G*(E). Then x G j4 s , so the above computation gives that 

IIV^IUk < K \\x\\ a < oo . 

Thus M Li ,(x) = ipx G A%, and it follows from Proposition E2] that M L4 ,(x) G GF(E). 



□ 



It seems very unlikely to us that Proposition 14. 161 remains true in general if we replace 
^-decay with £f,(G,A)-decay in the assumption. 
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5 Summation processes for Fourier series 



By a Fourier summing net for E, we will mean a net {T 1 } in MCF(Yi) such that 

lim \\M Ti (x) -x\\ =0 for all x £ C* (E) . (23) 

i 

We will say that such a net is bounded whenever supj |||T 4 ||| < oo. We will repeatedly use 
the fact that, in order to show that a net {T 1 } in MCF(T,) is a bounded Fourier summing 
net, one only needs to check that 

sup HIT* HI < oo and lim T l {a) = a for all g G G, a G A. (24) 

i » 

This assertion is easily shown using an e/3-argument. 

Assume that {T 1 } is a Fourier summing net for E. Note that, as each T l is assumed 
to lie in MCF(E), the series 

£3(5*00) A S ( 5 ) 
g eG 

is convergent in operator norm for each x G C*(E) and each i, and equation (|23|) gives 
lim ^ 2j(z(0)) A s (5) = x for all x G C r *(E) 

with respect to the operator norm on C*(E). 

Hence, a Fourier summing net {T 4 } for E provides a summation process for the Fourier 
series of all elements in C*(E). An interesting open question is whether there always exists 
a Fourier summing net for E. (To our knowledge, this is still open even when A and a are 
trivial). 

We will also be interested in Fourier summing nets satisfying an additional property: 
A Fourier summing net {T 1 } for E will be said to preserve the invariant ideals of A if 
every invariant ideal of A is preserved by each Tg, that is, for every invariant ideal J of A 
we have 

Tg(J) C J for every i and every g G G . 

Of course, by an invariant ideal of A we mean as usual an ideal of A left invariant by 
each a. g . As we will discuss below, the existence of a Fourier summing net for E that 
preserves the invariant ideals of A has some useful consequences when studying the ideal 
structure of C*(E). This was first observed by Zeller-Meier when G is amenable (cf. [48, 
Proposition 5.10]), and by Exel [19] when S has the approximation property (in the setting 
of Fell bundles). From a purely C*-algebraic point of view, these nets are those of primary 
interest. However, as we will soon see, Fourier summing nets preserving the invariant 
ideals do not necessarily exist when G is not exact. 

We first recall some terminology and introduce some notation. 

Let J be an invariant ideal of A. The ideal of C*(E) generated by J will be denoted 
by (J) and called an induced ideal of C*(E). Moreover, q : A — > A = A/ J will denote the 
quotient map, E = (A,G,a,a) the induced quotient system (defined in the obvious way) 
and q the canonical homomorphism from C*(E) onto C*(E), determined by q As = A^ q . 
Then we set J = Ker q. Finally, we set 

J = {x G C r *(E) I x{g) G J for all g G G}. 
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Proposition 5.1. Let J be an invariant ideal of A. Then we have 

(J) C J C J. 

Assume that there exists a Fourier summing net {T 1 } for £ that preserves J. Then we 
have 

(J) = J =J. 

Proof. The first inclusion is well known, at least when a is trivial. For completeness, we 
skecth the argument. Using the invariance of J and the covariance relation, one sees that 
(J) is the norm closure of 

(J)alg = {j]a 9 As( 9 )|FcG,F finite, a g G J for all g G f} . 

As q obviously maps (J) a ig to {0} and J is closed, it is clear that (J) C J. 

Next, it is an easy exercise to check that for all x G C*(£) and g G G, we have 

q(x(g)) = q(x)(g) • 

It follows that if x G J, then q(x(g)) = for every g G G, hence that x(g) G J for every 
g G G. This shows the second inclusion. 

Now, assume that there exists a Fourier summing net {T 1 } for £ that preserves J and 
consider x G J. For every i, set 

Si = E T l g (x(g))\ s (g). 

g&G 

Using the assumption, we have T g (x(g)) G J for every i and every g G G. As (J) is closed, 
we get Xj G (J) for every i. Since x is the norm-limit of {xi}, this implies that x G (J). 
This shows that J C (J) and the last assertion clearly follows. 

□ 

We will say that £ = (A, G, a, a) is exact whenever we have (J) = J for every invariant 
ideal J of A. When a is trivial, this terminology was introduced by A. Sierakowski in 
|43j to give a characterization of systems (A, G, a) having the property that all ideals of 
C*(A, G, a) are induced. Proposition 15.11 implies that £ is exact whenever there exists a 
Fourier summing net for £ that preserves the invariant ideals of A. 

We recall from [9] that G is said to be exact if C*(G) is exact as a C*-algebra. As 
shown by E. Kirchberg and S. Wassermann (cf. [9, Theorem 5.1.10]), G is exact if and 
only if (B, G, (3) is exact for every action f3 of G on some C*-algebra B. In fact, G is exact 
if and only if (B,G, (3,u) is exact for every twisted action of G on a C*-algebra B, 

as follows easily from [211 Theorem 4.4]. One may therefore wonder whether exactness of 
G guarantees the existence of a Fourier summing net that preserves the invariant ideals 
of B for every system E = (B, G, (3, u). 

On the other hand, assume that G is not exact. This means that there exists a C*- 
algebra B such that (B,G, id) is not exact (since C*(B,G, id) ~ B ® C*(G)). Hence, it 
follows from Proposition 15.11 that there exists no Fourier summing net for (B,G, id) that 
preserves the (invariant) ideals of B. 

It is also known that if G is exact if and only C*(B,G, (3,u)) is exact for every twisted 
action ((3,oj) of G on an exact C*-algebra B (see [2, Theorem 7.2 and Remark 7.4] for the 
case of untwisted actions; the twisted case can be handled in a similar way). Note that 
if £ is exact and A is exact, then C*(E) is not necessarily exact: to see this, one may 
for instance consider the trivial action of a non-exact group on a simple exact C*-algebra. 
The following result is therefore of some interest: 
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Proposition 5.2. Assume that there exists a Fourier summing net {T 1 } for S that pre- 
serves the invariant ideals of A. Then A is exact if and only if C*(E) is exact. 

Proof We only sketch the proof, as it is close to the proof of [2J Theorem 7.2]. Assume 
that A is exact and let — > I — > B — > B/I — > be a short exact sequence for some 
C*-algebra B. Consider the twisted action (a ® id#, a ® 1#) of G on A ® B. 

For each i, let 5* : G x (i ® 5) ->■ yl ® B be given by 5* = T l g ® id B for each 
g (z G. Then it is easy to check that {S"*} is a Fourier summing net for the system 
Q = (A ® B, G, a ® ids, <r ® 1#). Now J = A ® / is an invariant ideal of A ® B that is 
clearly preserved by {S 1 }. Proposition 15.11 gives therefore that (J) = J. Using the obvious 
identification of C*(Q) with C*(E) ® 5, one then observes that this fact corresponds to 
the exactness of the sequence 

o -> c;(s) ® / -> c;(s) ® s -> c;(e) ® b/j -> o. 

This shows that C*(E) is exact. The converse implication is trivial since exactness of 
C*-algebras passes to C*-subalgebras. □ 

We will show below that if there exists a Fourier summing net for E that preserves 
the invariant ideals of A, then the induced ideals of C*(E) are characterized by a certain 
invariance property. 

Let J be an ideal of C*(E). Then J^n^l is an invariant ideal of A, that may be equal to 
{0} even if J ^ {0}. On the other hand, E{J) is easily seen to be an invariant algebraic 
ideal of A that contains JnA. Moreover, since i£ is faithful, we have E{J) ^ {0} if 
7^ {0}. However, it is not obvious that E(J') is necessarily closed in general. 

We will say that J is E-invariant when E(<J) C J . 

Note that when G = Z and cr is trivial, ^-invariant ideals of C*(E) are called weW 
behaving in |46| . It is straightforward to see that an ideal J of C*(E) is .E-invariant if and 
only if E{J) = J fl A\ especially, E{J) is then a (closed) invariant ideal of A. 

It is well known and easy to check that any induced ideal of C*(E) is E- invariant. It 
is not known in general whether the converse is true, i.e. whether any ^-invariant ideal of 
C*(E) is induced. However, this holds whenever G is exact, as follows from Exel's result 
|20| Corollary 5.30. We also have the following: 

Proposition 5.3. Assume that there exists a Fourier summing net {T 1 } for E that pre- 
serves the invariant ideals of A. Then an ideal of C*(E) is induced if and only if it is 
E-invariant. Hence, the map J — > (J) = J is a bijection between the set of all invariant 
ideals of A and the set of all E-invariant ideals o/C*(E). 

Proof. Let J be an .©-invariant ideal of C*(E) and set J = J n A, i.e. J = E(J'). Note 
that 

( J) C J C J . 

Indeed, the first inclusion is immediate since J is contained in the ideal J . Now, let x E J 
and g £ G. Then x A s (#)* G J, so 

x{g) =E{x\^(gY) € E(J) = J. 

This shows that x € J and the second inclusion follows. Appealing to Proposition I5.1|. 
we can then conclude that J = (J) = J, hence that J is induced. This shows the first 
assertion, and the second assertion follows immediately. 

□ 

lr rhis article of Exel is the preprint version of [2T]. It contains a section on induced ideals that was 
removed in the published version. 
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Example 5.4. Assume that G is weak Powers group (see [3JI22] and references therein), 
e.g. G is a non-abelian free group or a free product of non-trivial groups that is different 
from Z2 * Z2. We recall a few facts from [3]. A simple G-averaging process on G*(E) is a 
map 4> from G*(S) into itself such that for some n 6 N and si, . . . , s n £ G we have 

1 71 

</>(x) = — > As(sj) x As(sj)* for all x € G*(E) . 
n * — ' 

i=l 

A G-averaging process ^ is a composition of finitely many simple G-averaging processes. 
Note that such a linear map ip is positive and maps any ideal of G*(E) into itself. Lemma 
4.6 in [3] says that if x* = x £ G*(E) is given, then for every e > there exists a G- 
averaging process ip £ such that H^efx — -E(x))|| < e. This lemma is used in [3] to show 
that G*(E) is simple whenever A is a-simple, i.e. it has no other invariant ideals than {0} 
and A. (This result was first proved by P. de la Harpe and G. Skandalis [30J when G is a 
Powers group and a is trivial). 

Let us now assume that there is a Fourier summing net for E that preserves the 
invariant ideals of A. Then we can still deduce some information about the ideal structure 
of G*(E). 

We consider first the simple case where a is trivial. As any G-averaging process then 
clearly restricts to the identity map on A, it clearly follows from the lemma cited above 
that any ideal of G*(E) is E'-invariant. Hence, Proposition 15.31 gives that the ideals of A 
are in a one-to-one correspondence with the ideals of G*(E). When A is commutative, the 
existence of a Fourier summing net that preserves the ideals of A may be deduced from 
Corollary 16.51 in certain cases (see Example 16. 6p . 

When a is not trivial, the ideal structure of G*(E) can be much more complicated. 
Nevertheless, we show below that the map J — > (J) gives a bijection between the maximal 
invariant ideals of A and the maximal ideals of B = G*(E). 

If J is a maximal invariant ideal of A (such an ideal must exist by Zornification) , then, 
using the same notation as in Proposition 15.11 B / (J) ~ C*(A, G, a, a) is simple since 
A = A/ J is a-simple. Hence, (J) is maximal in B. 

Next, let J be a proper ideal of B. Then J = E(J') is a proper ideal of A. 
Indeed, assume (by contradiction) that J = A. Then, as A is unital, E(J) = A. So pick 
x G J such that E{x) = 1. Then, as E is a Schwarz map [9], E{x*x) > E(x)* E(x) = 1. 
Thus y = x*x 6 J + satisfies E(y) > 1. Using the lemma cited above, we can find a 
G-averaging process ip such that 

U(y)-^E(y))\\ <I. 

Since ip(E(y)) > ip(l) = 1 and il){y) is positive, this implies that tp(y) G J is invertible. 
Hence J = B, contradicting that J is proper. 

Moreover, J is clearly invariant and satisfies J C J. Using Proposition 15.11 we have 
J = (J), hence J C (J). Now, if J is assumed to be maximal, then we get J = (J) and 
J is necessarily maximal among the invariant ideals of A. This proves our assertion. 

□ 

Following [4j, we introduce some more terminology. We will say that E has the Fejer 
property if there exists a Fourier summing net {T 1 } for E such that each T % has finite 
G-support. If such a net {T 1 } can be chosen to be bounded, E will be said to have the 
bounded Fejer property. It is a well-known result due to Zeller-Meier [38] that E has the 
bounded Fejer property whenever G is amenable and a is central. (See [1_3] for a short 
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proof in the case where G = Z and a is trivial; this case is also discussed in [IS])- The 
direct analogue of Fejer's classical summation theorem for twisted group C*-algebras of 
amenable groups [4J Theorem 5.6] is still valid in our more general setting: 

Theorem 5.5. Assume G is amenable. Then £ has the bounded Fejer property. Indeed, 
pick a F0lner net {F,} for G and let T l : G x A — )■ A be given by 

T\g,a) = — a, geG,a£A. 

Then {T 1 } is a Fourier summing net for £ such that each T % has finite G -support and 
= 1 for each i. 

Proof. As in [2], set (fi(g) = , g £ G. Then is a net in C C (G) of normalized 

positive definite functions converging pointwise to 1. As T % = T LPi , each T % has finite 
G-support and it follows from Corollary EQ] that T» G MCF(E) with |||r*||| = ^(e) = 1 
for each i. 

□ 

When G is amenable, it is obvious that the Fourier summing net for £ produced 
in Theorem 15.51 preserves the invariant ideals of A, so Proposition 15.31 applies. In this 
connection, the following remark seems appropriate: 

Following [36, 24J, an ideal J of G*(£) will be called 5-£-invariant whenever 

Wcj®c;(G). 

Here 5-% denotes the (reduced) dual coaction of G on E defined in Section 4. It is evident 
that every induced ideal of C*(£) is (^-invariant. Moreover, every <5s-invariant ideal of 
G*(£) is ^-invariant: this follows readily after checking that we have E = (id ® t)6s, 
where r denotes the canonical tracial state on C*{G). Hence, if we assume that there 
exists a Fourier summing net {T 1 } for E that preserves the invariant ideals of A, we get 
from Proposition 15.31 that an ideal of C*(£) is ^-invariant if and only if it is <5s-invariant, 
if and only if it is induced. When G is amenable and a is trivial, the last equivalence in 
this statement is shown in [24|, Theorem 3.4]. More generally, we have: 

Theorem 5.6. Assume that E has the weak approximation property. 
Then E has the bounded Fejer property. 

Moreover, assume that E has the approximation property, or the half- central weak approx- 
imation property. 

Then E is exact and the invariant ideals of A are in a one-to-one correspondence with the 
E -invariant ideals o/C*(E), equivalently, with the 5j]-invariant ideals o/G*(E). 
We also have that A is exact if and only if C*(E) is exact. 

Proof. Let X, (p,v),M, and {r/j} be as in the definition of the weak approximation 
property, each (resp. rji) being chosen in X G with finite support supp(£«) (resp. supp(r/j)). 

For each i, define T l : G x A — > A by T % {g,a) = (£j , p(a)v(g)rji) , that is, 

T(g,a) = Y,(^),p(a)v(g)r it (g- 1 h)), g£G,aeG. (25) 
heG 

From Theorem 14.81 see also Example 14.131 we know that T l € MA(S) and satisfies 
lll^lll ^ ll&ll \\Vi\\ f° r each i. Since ||£j|| \\r]i\\ < M for each i, we see that {Tj} is bounded. 
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Moreover, we have linij \\T l (g, a) — a\\ = for each g £ G by assumption. Finally, equation 
([25]) gives that each T l has finite G-support equal to supp(£j) • (supp(ryj)) 1 . Altogether, 
this shows that {T 1 } is a bounded Fourier summing net for £ such that each T l has finite 
G-support, and the first assertion is proven. 

Now, assume first that £ has the half-central weak approximation property, which 
means that or {r/j} may be chosen to lie in the central part of X G . As shown in 
Example 14.11] each T % is then a multiplier obtained by multiplication (from the left or 
from the right) with a function from G to A. It is therefore obvious that {T 1 } preserves 
(all) ideals of A. 

Next, assume that £ has the approximation property, that is, we have (/?, v) = (£, a) 
and {d}, {r]i} C A G . Then, for every i and every g € G, a £ A, we have 

heG 

and it is evident that {T 1 } preserves (all) ideals of A also in this case. 

Hence, the second assertion follows from Proposition 15.1] Proposition 15.31 and its fol- 
lowing remark, while the last assertion is a consequence of Proposition 15.21 

□ 

Note that when £ has the approximation property, the first two assertions of Theorem 
15.61 are closely related to [HI Propositions 4.9 and 4.10], since one may write G*(£) as 
the reduced sectional algebra of a Fell bundle over G |22j . Examples of systems (with a 
trivial) satisfying a strong version of the approximation property (called amenability) may 
be found in [9j Chapters 4 and 5] (see also [H [2]). For such amenable systems, the last 
assertion of Theorem 15.61 is already known, cf. [9, Theorem 4.3.4, part (3)]. 

Example 5.7. Assume G is exact, H is an amenable subgroup of G, A = £°°(G/H), 
a is the natural action of G on A and a takes values in T. Then it is shown in [5] Example 
5.19] that £ = (£°°(G/H),G,a,a) has the weak approximation property and one may 
therefore apply Theorem 15.61 to produce a bounded Fejer summing net for £. Moreover, 
it can be checked!! that £ has the central approximation property and the last part of 
Theorem 15.61 also applies. □ 

As an additional remark concerning exactness and its possible consequences, we point 
out that it is still unknown whether (C, G, id, 1) has the Fejer property whenever G is exact, 
or more generally, whether there always exist a Fourier summing net for (C, G, id, 1) under 
this assumption. It follows from the recent work of V. Lafforgue and M. de la Salle j34] 
(see also [28]) that there exist examples of exact groups without Haagerup's and Kraus' 
approximation property |2Zj • It is easy to see that this approximation property for G 
implies the Fejer property for (C, G, id, 1), but the converse implication is not clear (at 
least to us). An interesting question is therefore whether these examples have or do not 
have the Fejer property. 

In pQ, we discussed analogs of Abel-Poisson summation of Fourier series in reduced 
twisted group C*-algebras. The only case that is straightforward to handle is when G = IT 1 . 
Similarly to [4j Theorem 5.7], we have: 

2 One has then to have a closer look at the proof of [5j Proposition 5.15]: using the notation used in this 
proof, one checks easily that if £ lies in the central part of X G , then £' defined by £'(<?) = £(<?) +N, g 6 G, 
lies in the central part of (X' B ) G . 
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Theorem 5.8. Let G = Z n for some n 6 N. For p € {1,2}, let \ ■ \ p denote the usual 

p-norm on G and let L(-) denote either | • |i , | • I2 or | • || ■ 

For each r G (0, 1), set ip r = r L and T r = . 

Then {T r } r ^ 1- is a bounded Fourier summing net for E. 

Proof. As pointed out in the proof of @J Theorem 5.7], tp r is a normalized positive definite 
function on G for each r £ (0, 1). Hence, Corollary 14.31 gives that {T r } is a bounded net 
in MA{Ti). Moreover, each tp r lies in l l {G). This implies that the function 

g T r g (x) = ip r (g)x(g) 

lies in £ 1 (G,A) for each r G (0,1), from which it follows that T r G MCF(S). As tp r 
converges pointwise to 1 when r — > 1~, we have 

lim \\T r (g,a) — a\\ = lim \(f r (g) — 1| ||o|| = 

r— >1~ r— >1~ 

for each g £ G, a G A. Hence the result follows. 

□ 

To show versions of the Abel-Poisson summation theorem for systems associated with 
other kind of groups, such as Coxeter groups or Gromov hyperbolic groups, the following 
result, analogous to [4, Proposition 5.8], might prove to be helpful (as in the case A = C 
discussed in [H Section 5]). We will give an application of it in the next section. 

Proposition 5.9. Let {ipi} be a net of functions from G to A converging pointwise to 1 
and consider the maps L l : G x A — > A given by L l (g, a) = ipi(g) a. 

Assume that for each i there exists Ki : G — > [1, 00) such that 

• £ has the A^.-decay property with decay constant Ci, 

• fa e £™(G,A), so Ki = Halloo < 00. 

Then {L 1 } C MCF(S). Moreover, if supj CjiQ < 00 or, more generally, if {L 1 } is 
bounded, then {L 1 } is a bounded Fourier summing net for E. 

Proof According to Proposition 14. 16l the first two conditions ensure that L % € MCF(E) 
for each i. Moreover, as |||L l ||| < Cj-fQ for each i and L l Ja) = ipi{g) a — > a for each jGG 

and a £ A, the final assertion is clear. 

□ 

Assume G is a Coxeter group or a Gromov hyperbolic group and let L denote the 
algebraic length function on G associated with some finite set of generators for G. It is 
known that {Vv}re(o,i) with t(j r = r L gives a bounded net in MqA(G) (cf. [TTJ and [37]). It 
therefore follows from Theorem 14 . 5 1 that the net L r associated with {ip r } (as in Proposition 
I5.9p is a bounded net in MqA(E), hence in MA(E). In order to apply Proposition 15.91 and 
deduce that {Z>} is a bounded Fourier summing net for E, it suffices to show that E has 
the A^ r -decay property for each r £ (0,1), where . Note that G is K r -decaying 

(because G has polynomial H-growth w.r.t. L, cf. Example 3.12]). However we do not 
know if the ^4^ r -decay property may be deduced from this, except when A is commutative 
and a is trivial (see Corollary I6.4[) . 

We also mention a result closely related to Proposition 15. 9t 
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Proposition 5.10. Let {tpi} be a net of functions from G to A converging pointwise to 1 
and consider the maps U : G x A — > A given by L l (g, a) = ipi{g) a. 

Assume that for each i the following conditions hold: 

• U G MA(E) with \\\U\\\ = 1, 

• there exists Ki : G — >■ [1, oo) such that £ has the A^.-decay property 
and tpiKi G cq(G,A). 



Then £ has the bounded Fejer property. 

Proof. The proof is a verbatim adaptation the proof of [H Theorem 7.1] (that itself is an 
adaptation of [261 Theorem 1.8]), now appealing to Proposition 14.161 instead of invoking 
[U Proposition 4.8] . 

□ 

Note that if we stick to normalized (scalar-valued) positive definite functions tpi on G 
in the above assumptions, then G must have the Haagerup property (as defined in |llj). 
But allowing ^4-valued functions might be useful to handle other kind of situations. 



6 The almost trivial case 

In this final section, we take up the issue of finding examples of weight functions k on 
G such that £ has the j4^-property in the "almost trivial" case where A = C(X) is 
commutative and a is trivial. In such a situation, C*(£) = C*(C(X), G, id, a) is a (unital 
discrete) reduced central twisted transformation group algebra, and the variety of C*- 
algebras contained in this class is larger than one might imagine at a first thought; see 
for example [18] and note that any twisted reduced group C*-algebra associated with a 
central group extension belongs to this class. 

We will use the following notation. 
For a G A and u> G S(A) (the state space of A), we set \\a\\ w = uj(a*a) 1 / 2 . 
Let £ G A G . For each u G S(A), we define |^|^ : G -> [0, oo) by 

\ZUg) = U(g)L = oj(agTag)) 1/2 , g^G. 

Note that |f ^ G £ 2 (G) since 

II ituil = 5>(to)*to)) = < oo. 

g&G geG 



Letting ||£|| denote the norm of £ in A G , we have 



u\\ = ii £to)*to)ii 1/2 = ™p u;{j2m*ag))) 1/2 = sup (j>(e( 5 ra3))' J 2 

9 eG 9 eG geG 

1 /2 

= sup (y2U(g)\\i) = sup MCUb- 



Similarly, if P(A) denotes the pure state space of A, we have ||£|| = sup^gp^) || |£ 



w 2 • 
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Lemma 6.1. Assume A is commutative and uj is a pure state of A. Let f G C C (S) and 
assume it takes values in A a = {a G A \ a g (a) = a for all g G G}. 

Then, for all £ G A G , we have 

|||A(/)£U| 2 < |||/U*|£U| 2 . 

Proof. Set E = supp(/) and let h G G. Note the assumption on / implies that a h 1 {f{g)) = 
f{g) for all g G E. Moreover, note that ||w||^ = 1 for any u G U(A). Using the triangle 
inequality for || ■ || w and the fact that ui is multiplicative, we then get 

\nmuh) = Ie^H/^kVCs^^gt 1 ^ 

<Y,\\f(9)L\K 1 (a(g,g- 1 h)))\lU(g- 1 h)\\ ul 

g&E 

= E 11/(0)11* = E 

5 SE geE 
and the desired inequality follows immediately. 



□ 



It is conceivable that Lemma 16 . 1 1 holds without having to assume that / takes values 
in A a if its conclusion is changed to: " For all £ G A G , we have 

\\\Hmuh<\\n*\^h, 

where f a is defined by f a (g) = Og l {f{g)), g G G." Sorrily, we have so far not been able 
to establish this inequality. With such a more general result at hand, we would not have 
to assume that / takes values in A a in the next proposition, and our results in the sequel 
would all also be true for a non-trivial a. 

Proposition 6.2. Assume A is commutative and G is K-decaying with decay constant C 
for some k : G — >■ [1, oo). Let f G C C (S) and assume it takes values in A a . Then 

IIA s (/)||<C||/|| a , K . 

Proof. Let £ G A G . Then, using Lemma 16.11 and the K-decay of G, we get 



mm 



sup || |A(/)£| W || 2 








sup |||/| w *|£| w | 


2 


weP(A) 




C SUp || |/U|2, K 


\C\ui 2 






C SUp || |/kU|2 1 




LO&P{A) 





< c ii /k ii ii en = (711/11^11^11, 

the final equality being due to the fact that / takes values in A a . 

This shows that ||A(/)| < C || / \\ aK . As ||As(/)|| = ||A(/)||, the assertion is proven. 



□ 
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Corollary 6.3. Assume A is commutative, a is trivial and G is K-decaying for some 
k : G — > [1, oo). Then S = {A, G, id, a) is A~- decaying. 

Proof. Since A a = A when a is trivial, the result is an immediate consequence of Propo- 
sition 16.21 

□ 

The following result generalizes [U Theorem 3.13]. 

Corollary 6.4. Assume that A is commutative, G is countable and a is trivial. Let 
L : G — > [0, oo) be a proper function. 

Assume that G has polynomial H -growth {w.r.t. L). Then there exists some sq > such 
that £ is Aj}- decaying, where k = (1 + L) s ° . 

More generally, assume that G has subexponential H -growth (w.r.t. L). Let r € (0, 1) and 
set K r = r~ L . Then S is A^ r -decaying. 

Proof. Assume that G has polynomial f/-growth (w.r.t. L). Then, according to [H Theo- 
rem 3.13, part 1)], there exists some sq > such that G is K-decaying, where k = (1 + L) S0 . 
So the first statement follows from Corollary 16.31 The second statement is proven in the 
same way, using now [H Theorem 3.13, part 2)]. 

□ 

Assume A is commutative, G is countable and a is trivial. In the setting of Corollary 
16.41 the first assertion implies that if G has polynomial ii-growth (w.r.t. L) and we set 
K s = (1 + L) s for s > 0, then the Frechet space n s> oA^ s (w.r.t. the obvious family of 
seminorms) embeds (densely) in C*(£). We tend to believe that this also should hold 
when a is non-trivial. 

When A is commutative, a is scalar-valued and a is not assumed to be trivial, such a 
Frechet space has been considered by Ji and Schweitzer [31] in the more general setting 
of actions by locally compact groups. By following a rather different method, involving a 
certain generalized Roe algebra, they show that if G has the so-called strong rapid decay 
(SRD) property (w.r.t. to some proper length function on G), then the associated Frechet 
space embeds as a spectral invariant dense *-subalgebra of C*(E). Moreover, it is shown 
in [10] that the converse statement is also true for discrete groups, and that, a discrete 
group G has property (SRD) if and only if G has polynomial growth in the usual sense 
(w.r.t. some proper length function). 

We also include a result in the vein of [U Theorem 5.9 and Corollary 5.15]: 

Corollary 6.5. Assume A is commutative, G is countable with the Haagerup property and 
a is trivial. Let L : G —¥ [0, oo) be a Haagerup function for G (so L is negative definite 
and proper) and assume that G has subexponential H -growth (w.r.t. L). 

For each r £ (0, 1), set ip r = r L and L r = L^ r . 

Then {L r } r _> 1 - is a bounded Fourier summing net for S = (A, G, id, a). Moreover, S has 
the bounded Fejer property. 

Proof. Since each ip r is a normalized positive definite function on G, we know from Corol- 
lary U?3] that = 1 for all r, so {L r } r ^i- is bounded. It is also evident that ip r 
converges pointwise to 1 when r — > 1~. 

For each r € (0, 1), set K r = r~ L . Corollary 16.41 gives that £ is A^-decaying. As 
tp r K r = 1, ip r E l^ r (G,A) for all r. Hence, we may apply Proposition 15.91 to obtain the 
first assertion. 
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For each r € (0,1), set n' T = r L / 2 = k Then, for each r, E is A^, -decaying 
and ip r K' r G cq(G, A). We may therefore apply Proposition 15.101 and obtain the second 
assertion. 

□ 

Finally, as an application of Corollary 16.51 we gi ve a simple example illustrating how 
our work may be used to determine the ideal structure of certain group C*-algebras. 

Example 6.6. Consider K = SL(2, Z) and let A denote its left regular representation on 
1 2 {K). Denote the identity element in K by I 2 and set S = A(-J 2 ). As S = S* = S' 1 is 
central in B = C*(K), we have 

B = Bp® Bq 

where p, q are the central projections in B given by p = q = 

Especially, B has at least two non-trivial ideals, namely Bp and Bq. In fact, these are 
the only non-trivial ideals of B. To see this, we may argue as follows. 

Let Z = {±12} denote the center of K and set G = K/Z, so G is the modular group 
PSL(2,Z) ~ Z 2 * Z 3 . Using Theorem 2.1], we may write B ~ C^(A, G, id, a) where 
^4 = C*(Z) ~ C 2 and cr : G x G — >• ~ T 2 is a suitably chosen coycle. Now, as is 

well known, G ~ Z 2 * Z3 has the Haagerup property, the "block" length function L on G 
being a Haagerup function (see for instance [6]). Moreover, G has polynomial H-growth, 
and therefore subexponential H-growth (w.r.t. L), see [H Example 3.12, part 4)]. Hence, 
Corollary 16.51 applies, showing the existence of a Fourier summing net for (A, G, id, cr), 
which obviously preserves ideals of A. As G is a Powers group [29] (and therefore a weak 
Powers group), we can conclude from Example 15.41 that there is a bijection between ideals 
of A ~ C 2 and ideals of B, hence that B has exactly two non-trivial ideals, as desired. 

It is probably possible to argue for this fact in a more elementary way. However, 
we hope that the technique of proof might help to handle more complicated cases in the 
future. 

□ 
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